Abstract. Let X be a non-degenerate, connected, locally path-connected metrizable space and Fin(X) be the hyperspace consisting of non-empty finite subsets in X endowed with the Vietoris topology. In this paper, we show that every compact set in Fin(X) is a strong Z-set.
Introduction
Throughout this paper, spaces are metrizable and maps are continuous. A closed subset A of a space X is said to be a (strong) Z-set in X if for each open cover U of X, there exists a map f : X → X such that f is U-close to the identity map on X and the (closure of) image misses A. We recall that for maps f : X → Y and g : X → Y , and for an open cover U of Y , f is U-close to g if for each x ∈ X, there exists a member U ∈ U such that the both f (x) and g(x) are contained in U . These notions play central roles in the theory of infinite-dimensional topology. It is said that a space X has the compact (strong) Z-set property if every compact set in X is a (strong) Z-set. This property is very important because typical infinite-dimensional manifolds have the compact strong Z-set property. Given a space X, let Fin(X) be the hyperspace of non-empty finite subsets of X endowed with the Vietoris topology. D. Curtis [2, Proposition 7.3] proved that if X is nondegenerate, connected, locally path-connected and σ-compact, 1 then Fin(X) has the compact strong Z-set property. In the case that X is not separable, M. Yaguchi [11, Proposition 6.1] showed that if X is a normed linear space of dimension ≥ 1, then Fin(X) has the compact strong Z-set property. In this paper, we generalize these results as follows:
Main Theorem. Let X be non-degenerate, connected and locally path-connected. Then Fin(X) has the compact strong Z-set property.
Preliminaries
In this section, we fix some notation and introduce some lemmas concerning nice subdivisions of simplicial complexes used in the next section. We denote the set of natural numbers by N and the closed unit interval by I. Let Y = (Y, ρ) be a metric space. For a point y ∈ Y and a subset A ⊂ Y , we define the distance ρ(y, A) between y and A by ρ(y, A) = inf{ρ(y, a) | a ∈ A}. For ǫ > 0, let
, ρ H ) be the hyperspace consisting of compact subsets of Y with the Hausdorff metric ρ H induced by ρ defined as follows:
Note that Fin(Y ) is regarded as a subspace of Comp(Y ).
Given a simplicial complex K, we denote the polyhedron 2 of K by |K| and the n-skeleton of K by K (n) for each n ∈ N ∪ {0}. Regarding σ ∈ K as a simplicial complex consisting of its faces, we write σ (n) as the set of i-faces of σ, i ≤ n. The boundary of a simplex σ is denoted by ∂σ. The next two lemmas are used in the proof of Theorem E in [1] .
Proof. By induction, we shall construct subdivisions K n of the n-skeleton K
It follows from the continuity of α and the compactness of τ that there is 0
By the same argument as [9, Proposition 4.7.10], we can find a triangulation K σ of σ such that {τ ∈ K n | τ ⊂ σ} ⊂ K σ and the following conditions are satisfied:
Thus the proof is complete.
is an open cover of |K|. According to Theorem 4.7.11 of [9] , there is a subdivision K ′ of K that refines U. Take any simplex σ ∈ K ′ and any point y ∈ σ. By the compactness of σ, we can find z ∈ σ such that α(z) = inf z ′ ∈σ α(z ′ ). Since Lemma 3.2. If X is non-degenerate and connected, then for each x ∈ X and 0 < ǫ < diam d X/4, there exists a point y ∈ X such that d(x, y) = ǫ.
Proof. Suppose the contrary. Then X can be separated by disjoint non-empty open subsets B d (x, ǫ) and X \ B d (x, ǫ), which contradicts to the connectedness of X. Thus the proof is complete. Lemma 3.3. Suppose that {A n } n∈N is a sequence in Fin(X) converging to A ∈ Fin(X). Then for each B n ⊂ A n , {B n } n∈N has a subsequence converging to some B ⊂ A.
Proof. 
Thus the proof is complete. Proof. For each A ∈ Fin(X), let Ξ(A) = η > 0 there exists 0 < ǫ < α(A) such that for any a ∈ A and x ∈ B d (a, η), there is an arc from a to x of diameter < ǫ and ξ(A) = sup Ξ(A). Note that Ξ(A) = ∅ for all A ∈ Fin(X). Indeed, let 0 < ǫ < α(A). Since X is locally path-connected, and hence locally arcwiseconnected [9, Corollary 5.14.7], for each a ∈ A, there exists η(a) > 0 such that for any x ∈ B d (a, η(a)), a and x are connected by an arc of diameter < ǫ. Then η = min a∈A η(a) ∈ Ξ(A). By the definition, ξ(A) ≤ α(A).
We shall show that ξ is lower semi-continuous. Take any t ∈ (0, ∞) and any A ∈ ξ −1 ((t, ∞)). Then we can choose t < η ≤ ξ(A) so that there is 0 < ǫ < α(A) such that for any a ∈ A and any x ∈ B d (a, η), a and x are connected by an arc of diameter < ǫ. Since X is locally arcwise-connected, there exists δ 1 > 0 such that any a ∈ A and any x ∈ B d (a, δ 1 ) are connected by an arc of diameter < (α(A) − ǫ)/2. By the continuity of α, we can find δ 2 > 0 such that for each B ∈ B dH (A, δ 2 ), |α(A) − α(B)| < (α(A) − ǫ)/2. Let δ = min{δ 1 , δ 2 , (η − t)/2} and B ∈ B dH (A, δ). Observe that (α(A) + ǫ)/2 < α(B). Fix any b ∈ B and any x ∈ B d (b, (η + t)/2). Since d H (A, B) < δ, we can take a ∈ A such that d(a, b) < δ ≤ δ 1 , and hence there exists an arc γ 1 from b to a of diameter < (α(A) − ǫ)/2. On the other hand,
which implies that there is an arc γ 2 from a to x of diameter < ǫ. Joining these arcs γ 1 and γ 2 , we can obtain an arc from b to x of diameter < (α(A) − ǫ)/2 + ǫ = (α(A) + ǫ)/2 < α(B). Hence t < (η + t)/2 ≤ ξ(B), which means that ξ is lower semi-continuous.
According to Theorem 2.7.6 of [9] , we can find a map β : Fin(X) → (0, ∞) such that 0 < β(A) < ξ(A) for all A ∈ Fin(X), that is the desired map.
The next lemma is useful to detect a strong Z-set in an ANR.
Lemma 3.5 (Lemma 7.2 of [2]
). Let A be a topologically complete, closed subset of an ANR Y . If A is a countable union of strong Z-sets in Y , then it is a strong Z-set.
We denote the cardinality of a set A by card A. For each k ∈ N, let Fin k (X) = {A ∈ Fin(X) | card A ≤ k}. As is easily observed, Fin k (X) is closed in Fin(X). Applying the above lemma 3.5, we only need to show the following proposition for proving the main theorem. Proposition 3.6. Suppose that X is non-degenerate, connected and locally pathconnected. Then for each k ∈ N, Fin k (X) is a strong Z-set in Fin(X).
Proof. Let U be an open cover of Fin(X) and k ∈ N. We shall construct a map φ : Fin(X) → Fin(X) so that φ is U-close to the identity map on Fin(X) and cl φ(Fin(X)) ∩ Fin k (X) = ∅, where for a subset A ⊂ Fin(X), cl A means the closure of A in Fin(X). Take an open cover V of Fin(X) that is a star-refinement of U. Since Fin(X) is an AR by Proposition 3.1, there are a simplicial complex K and maps f : Fin(X) → |K|, g : |K| → Fin(X) such that gf is V-close to the identity map on Fin(X), refer to [9, Theorem 6.6.2] . It remains to show that there exists a map h : |K| → Fin(X) V-close to g such that cl h(|K|) ∩ Fin k (X) = ∅ because φ = hf will be the desired map.
Take a map α : Fin(X) → (0, min{1, diam d X}) so that the family {B dH (A, 2α(A)) | A ∈ Fin(X)} refines V. Since X is locally path-connected, according to Lemma 3.4, there is a map β : Fin(X) → (0, ∞) such that for any A ∈ Fin(X), each point x ∈ N d (A, β(A)) has an arc γ : I → X from some point of A to x of diam d γ(I) < α(A)/2. We may assume that β(A) ≤ α(A)/2 for every A ∈ Fin(X). Combining Lemmas 2.1 with 2.2, we can replace K with a subdivision so that for each σ ∈ K,
sup y∈σ βg(y) < 2 inf y∈σ βg(y),
sup y∈σ αg(y) < 4 inf y∈σ αg(y)/3. (4(k + 1) ).
Next, we will extend h over
Hence there is an arc γ(σ, v m , j) :
which is a path from g(σ) to h(σ). For each m = 1, 2, define a map h : v m ,σ → Fin(X) of the segment between v m andσ in σ as follows:
Then for every y ∈ σ, when y = (1
and when
Hence, due to condition (3), we have
Note that for each y ∈ σ, h(y) contains {z(
By induction, we shall construct a map h : |K| → Fin(X) such that for each
. By Lemma 3.3 of [4] , there exists a map r : σ → Fin(∂σ) such that r(y) = {y} for all y ∈ ∂σ. The map h| ∂σ inducesh : Fin(∂σ) → Fin(X) defined byh(A) = a∈A h(a). Then we can obtain the composition h σ =hr : σ → Fin(X). It follows from the definition that h σ | ∂σ = h| ∂σ . Observe that for each y ∈ σ,
where h(y ′ ) = a∈A(y ′ ) h(a) for some A(y ′ ) ∈ Fin(|σ (1) |) by the inductive assumption. Thus we can extend h over
. After completing this induction, we can obtain a map h : |K| → Fin(X). For each σ ∈ K \ K (0) , each y ∈ σ and each a ∈ |σ (1) |, we get
Therefore we have
, h(a)) < 2αg(y), which implies that h is V-close to g. Remark that {z(v, j) | j = 0, · · · , k} ⊂ h(y) for some v ∈ σ (0) , and hence card h(y) ≥ k + 1. It follows that h(|K|) ∩ Fin k (X) = ∅. Then we may replace h(y) with g(y)∪h(y) for every y ∈ |K|, so we have g(y) ⊂ h(y). The rest of this proof is to show that cl h(|K|) ∩ Fin k (X) = ∅. Suppose that there exists a sequence {y n } n∈N of |K| such that {h(y n )} n∈N is converges to some A ∈ Fin k (X). Take the carrier σ n ∈ K of y n and choose
n so that {z(v n , j) | j = 0, · · · , k} ⊂ h(y n ). Since g(y n ) ⊂ h(y n ), replacing {g(y n )} n∈N with a subsequence, we can obtain B ⊂ A to which {g(y n )} n∈N converges by Lemma 3.3. Then {βg(y n )} n∈N converges to β(B) > 0. On the other hand, for every ǫ > 0, there exists n 0 ∈ N such that if n ≥ n 0 , then d H (h(y n ), A) < ǫ. Then we can choose 0 ≤ i(n) < j(n) ≤ k for each n ≥ n 0 so that z(v n , i(n)), z(v n , j(n)) ∈ B d (a, ǫ) for some a ∈ A because card A ≤ k < k + 1 = card{z(v n , j) | j = 0, · · · , k}. ≤ βg(v n )/(4(k + 1)) ≤ d(z(v n , i(n)), z(v n , j(n))) < 2ǫ, which means that {βg(y n )} n∈N converges to 0. This is a contradiction. Consequently, cl h(|K|) ∩ Fin k (X) = ∅.
